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Computation of credibility
coefficients for pricing
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Overview

« Statement of the problem
* Fundamentals of credibility theory

« Estimation of credibility coefficients In
simple models

* Analysis of variance
« Extension to more general models



General 00000060600

Insurance LN o0 o A

Pricing 0000 OOGEO

Seminar 000 Institute of Actuaries of Australia

Overview

 Material taken from:

Taylor G (2007). Credibility, hypothesis
testing and regression software. Astin
Bulletin, 37 (in press)

* Also appears as University of

Melbourne Research Paper No. 149 at
http://www.economics.unimelb.edu.au/SITE/actwww/

wps2007/No149.pdf
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Statement of the problem

e Suppose you wish to estimate some pricing
parameter (e.g. claim frequency)

* You have a measurement of it from data
— but subject to sampling error

* You also have some prior information on it from
somewhere (e.g. industry data)
— but also subject to uncertainty

* You wish to form an estimate of the parameter that
takes both pieces of information into account

« How should you weight those two pieces of
iInformation?
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Example 1 —workers compensation rating
by ANZSIC occupation code (Taylor, 1979)

Occupation
group A
1 1
Occupation Occupation
group Al group A2

Pooal
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structure (e.g. Motor) (Gisler & Muller,
2007)

Example 2 — multiplicative pricing

« Usual multiplicative pricing

structure

.\
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Expected
values
Pricing factor A =
1] 2 J
Dlé oy Py | 0Py oy B
% apPy | 0B, 03,
=
=
=
o Py | 0Bz o33
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Example 2 — multiplicative pricing
structure (e.g. Motor) (Gisler & Muller,

2007)

« Usual multiplicative pricing
structure

« But suppose that data is
sparse for some values of a
pricing factor

— E.g. no recorded claims for
pricing factor A=2

— GLM will generate fitted values
of zero for A=2

 How might model be
changed to give reasonable
results in this case?

.
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Expected
values
Pricing factor A =
1| 2 J
Dlé oy Py | 0Py o3
% 0By | 0P, aoP;
=
=
=
o Py | 0Bz o33
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Fundamentals of credibility
theory
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Sampling a population

Mean of observations 1
Distribution
defined by mean
Distribution of observations FGxn)
Independent Estimate p by
random drawings sample mean X
Sample of observations X1, Xo, 0, X
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Sampling a population with a random mean

P(u)
with mean m

Prior distribution of mean

Random drawing J

Realised mean of observations u
Distribution
defined by mean

Distribution of observations FGx)
Independent
random drawings
Sample of observations X1, Xo, 0, X

10
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Sampling a population with a random mean

P(u)
with mean m

Prior distribution of mean

Random drawing J
Realised mean of observations y Calledalatent
Distribution parameter
defined by mean
Distribution of observations FGxn)
Independent
random drawings
Sample of observations X1, Xo, 0, X

11
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Estimation of a random mean

P(u)
with mean m

Prior distribution of mean

Random drawing J

Realised mean of observations il Called a latent
Distribution parameter
defined by mean

Distribution of observations FGxn)
Independent Estimate p by
random drawings posterior mean
Sample of observations X, Xy, X, E [u KX;}]

12
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Bayesian framework

Let X=(X{, X+, X)
By Bayes theorem
ElnX1=Ju p(uX) du
= Jun dP() p(X 1)
JdP(w) p(X )
= [ dP() JdF(X j)---dF(X )

JdP(w) JdF(X )+~ dF(X,, )

Estimate E[[X]by a linear
function L(X) of X

P(u)

with mean m

|

I Called a latent
J parameter

FGsn)

Estimate p by
posterior mean
le X2,'”,Xn E[lll{Xl}]
13
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Linear Bayes framework

P(u)

Estimate E[u X ] by a linear function with mean m

LX) of X

[.(X) is called a linear Bayes J

otimator I Called a latent

parameter

Choose so as to minimise J

JILX) —u P p(u,X) du dX F(xp)

= [ [LX) —p P dP() JdF(X )+ dF(X_ 1) Estimate 1 by
posterior mean

K, XX, BRI
14
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Linear Bayes framework

P(u)

Estimate Elu X ] by alinear function .o 0 m, variance T2

LX) of X J
[t may be shown that
- I Called a latent
LX) =(12)m + zx parameter
/N j
Prior Credibility Data
where - o men F(x;1) variance 0%(1)
z={1+E, [0%u)/n2) Betimatel by
i i \ posterior mean
Data Pn’gr Xl’ Xz,'” ,Xn E[ll |{X1}]

15
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Linear Bayes framework
P(u)

Credibility coefficient : .
2= {1 +E, [0 Y2} with mean m, variance 1
There 1s a need to estimate the ratio J
of data variance to prior variance: Called a latent
E11 l0%(u) V2 T parameter

"To do so requires more data ,
F(x;1) variance 02(u)

Estimate p by
posterior mean

K, XX, BRI
16
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Estimation of credibility coefficients In

simple models
P(u)
mean m, variance Tt

I e

A drawings
351 Uy of latent
l J parameters

F(xuyp) " Flxny)
variance 02(111) variance 04(j1 )

/N /IN

X Kyg o Xy Xjp, Xyo, o, Xy 17
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Estimation of credibility coefficients In

simple models
P(u)
Sample 11y, 1y, 1 mean m, variance T2

independently from prior (J
rsk classes) / \ \ Multiple

v drawings
For each risk class 1;, draw H1 Hy pgg;‘lteetr;trs
11d sample of n observations l J
b2 %n F(xsp) Fxuy)
variance 02(111) variance 04(j1 )

/N /IN

X Kyo Xy Xy, Ko, Xy 18
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Estimation of credibility coefficients In
simple models
P(u)

Sample 11y, Uy, -1y from prior Mmean m, variance 2

(J risk classes)
/ \ \ Multiple
For each risk class ;, draw a drawings

11d sample of n observations H Hy of latent
parameters
Xip Kjg &y l J
- Fxup Fxpy)
Asbefore, estimate ; by variance 021 ) variance 0%(1)

LX)={12m+zX

with z as before // \ // \
Still need to estimate

E, [0%(u))? Ky Kpg Ry Ky Ko &gy 19



General 00000 O0GO6S

Insurance o060 N A

Pricing 0000 O0OO

Seminar 000 Institute of Actuaries of Australia

Estimation of credibility coefficients In

simple modelsp( )
U

Data set-up now ) 5
mean m, varlance T

Observations / \ \ Multiple

drawings
(7p] coe

% 1 Xll X12 Xln Hq H; of latent
% . X21 X22 o in l J parameters
O

_(\,c) FGny) F(xup)

| J | Xp | Xyz| oen | Xy | variance 0%(uy) variance 0%(j1y)

/N /IN

X Kyo, Xy Xy, Ko, X 20
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Estimation of credibility coefficients In

simple modelsp( )
U

Data set-up now ) 5
mean m, varlance T

Observations / \ \ Multiple
drawings
§ 1 [ Xy [ Kag| - | Kin 11 1 of latent
% 2 X21 X22 in l J parameters
[S
x Fep) 7 Fley)
x| J [ Xa|Xsz| oee | Xy [ Vartance 0%uy) variance o)
Required quantity E, [02() /7 is // \ // \
Within-class variance X1 Xy X1 Xy Xyor . Xy 21

Between—lass variance
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Analysis of variance

Special case 04(11) = 02 - This requires an analysis of
variance

Observations | + Required ratio estimated by

1/F where F is ANOVA test
statistic for null hypothesis
2 | Kor | Kz | - | Xop Hy: n=...=1,

« This yields following estimator
of credibility coefficient
J | Ko | Kaz| - | Xan z=(1+1/nF)?

Risk classes

, , , * Proved by Zehnwirth (1977)
Required quantity E, [0%(u) /72 = 0%/1° is

Within—class variance 22
Between-class variance
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Analysis of variance as regression

Risk classes

« Write
Xij = I +ej
Observatl ons with E[glj] = O, Var[Sij] = o2
« Thisis a linear regression model
| DA CT T DACPY P DT «  Null hypothesis
2 | X [ Xon | on | X Ho ==y
B on «  Corresponds to model
Xij = 1L +g;
J X5 | X X ANOVA F-statistic is same as F-
J1 782 ] == | “Jn statistic for testing simpler regression

model against more complex

—  Credibility coefficient obtainable by
performing a regression F-test

— Regression software can be used 23
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More general model — hierarchical
example
)
Pool,
Parameter
vector 3
—__J
Each (3 1s sampled ‘
Risk group 1, from a population Risk group 2, Risk group J,
Parameter Wlth mean B Paé‘ctametB(:r Paé‘ctametg
: g vector vector
Each B, issampled | Y*#
from a population ~— -/ -/
with mean 3
4 ! N [ I 4 N [ ! N [ I /_Iﬁ
Risk group 11] [Risk group 12 Risk group 21| [Risk group 22,
Parameter Parameter Parameter Parameter
vector B4 vector B vector By vector By
N\ J J N\ 2N V2N J N J
etc. (eventually observations) 24
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Hierarchical example (cont’d)

 Procedure essentially as for simpler

example Pooled mezn of 2l
; observations that have
° Eg estimate Bjk by node (j.k) as root
Bik = (1-Z3) Bj + Zj X«
and Number of

observations that have
/ node (G.k) as root

ij: [1 + 1/ an ij]_l

20
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Hierarchical example (cont’d)

» Fy calculated as follows
— Define null hypothesis Hy: B;1= Bj,=...= By=... (= B))
— Set up ANOVA with observations on risk classes

G,1), (4,2),...

» Observations on risk class (J,k) are all those that have node
(J,K) as root

— ij IS F-statistic for this ANOVA

 Equivalently regression F-statistic if null hypothesis

described In regression terms 2%
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Further examples — hierarchical model

with trend (Sundt, 1979, 1980)
. ( )
{3 trends over time Pl
. Parameter
1.€. £3] — (1]' + Y] t vector B
. ____
a;, ¥; to be estimated
—— : —— ——
| Each a;, ¥ 1S sampled ' .
et from a population e !
Each B, issampled | Y*# with mean a, ¥ e vedter fy
from a population ~— -/ -
with mean 3
—— —— 0 —
Risk group 11] [Risk group 12 Risk group 21| [Risk group 22,
Parameter Parameter Parameter Parameter
vector B4 vector B vector By vector By
N\ AN Y, N\ J U VAN ) N Y,
etc. (eventually observations) 27
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